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We define a physical quantity either by specifying how it is measured or by stating how it is
calculated from other measurements. For example, we define distance and time by
specifying methods for measuring them, whereas we define average speed by stating that it
is calculated as distance traveled divided by time of travel.

Measurements of physical quantities are expressed in terms of units, which are
standardized values. For example, the length of a race, which is a physical quantity, can be
expressed in units of meters (for sprinters) or kilometers (for distance runners). Without
standardized units, it would be extremely difficult for scientists to express and compare

measured values in a meaningful way. (See Figure 1.16.)

| wonder
how big
a cable is?







There are two major systems of units used in the world: Sl units (also known as the metric
system) and English units (also known as the customary or imperial system). English units
were historically used in nations once ruled by the British Empire and are still widely used in
the United States. Virtually every other country in the world now uses Sl units as the
standard; the metric system is also the standard system agreed upon by scientists and
mathematicians. The acronym “SI” is derived from the French Systeme International.



Metric vs. Imperial

The world’s two major measurement systems

Weight and Volume

- . 1/4 pound 1/2 gallon
/ Bu " 113.4 grams M”kg 1.89 liters

. 250 grams ? 2 liters
I’ 0.55 pounds Mllkg 0.53 gallons
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Length and Height

200 cm
5 ft 6.56 ft
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1cm=.39in. 1in.=2.54 cm
100cm=1m=394in. 12in.=1ft=30.48cm

Standard Running Track

400 m = .25 mile
4 laps = 1600 m = 1 mile

R 1

Running tracks are
almost universally
measured in meters, but
the U.S. colloquially
treats 1600m
as a mile.




Metric vs. Imperial Around the Worlid
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Prefix Value Example (some are approximate)

distance

exa E 108 exameter Em 10 m light travels
in a century
30 million

peta P 101° petasecond  Ps 10%° s
years

owerful

tera T 1012 terawatt TW 1012 W powert
laser output
a microwave

i G J igahert GH 9

giga 10 919 z £ 10" Hz frequency
high

mega M 106 megacurie MCi 10° Ci J

radioactivity



Length

Force
Energy
Power

Pressure

1 inch (in.) = 2.54 cm (exactly)

1 foot (ft) = 0.3048 m

1 mile (mi) = 1.609 km

1 pound (Ib) = 4.448 N

1 British thermal unit (Btu) = 1.055 x 10° J
1 horsepower (hp) = 746 W

11b/in% = 6.895 x 10° Pa






Accuracy, Precision, and Uncertainty

The degree of accuracy and precision of a measuring system are related to the uncertainty
in the measurements. Uncertainty is a quantitative measure of how much your measured
values deviate from a standard or expected value. If your measurements are not very
accurate or precise, then the uncertainty of your values will be very high. In more general
terms, uncertainty can be thought of as a disclaimer for your measured values. For example,
if someone asked you to provide the mileage on your car, you might say that it is 45,000
miles, plus or minus 500 miles. The plus or minus amount is the uncertainty in your value.
That is, you are indicating that the actual mileage of your car might be as low as 44,500
miles or as high as 45,500 miles, or anywhere in between. All measurements contain some
amount of uncertainty. In our example of measuring the length of the paper, we might say
that the length of the paper is 11 in., plus or minus 0.2 in. The uncertainty in a measurement,
A, is often denoted as d A (“delta A”), so the measurement result would be recorded as

A 4+ 0A. In our paper example, the length of the paper could be expressed as 11 in.40.2.



Percent Uncertainty

One method of expressing uncertainty is as a percent of the measured value. If a
measurement A is expressed with uncertainty, 0 A, the percent uncertainty (%unc) is

defined to be

0A
% unc =7 X 100%

1.7




A grocery store sells 5-1b bags of apples. You purchase four bags over the course of
a month and weigh the apples each time. You obtain the following measurements:

Week 1 weight: 4.8 1b
Week 2 weight: 5.3 1b
Week 3 weight: 4.9 1b
Week 4 weight: 5.4 1b

You have previously determined, using additional measurements, that the uncertainty

in the average weight of the 5-1b bag is 4+0.4 1b. What is the average weight and
percent uncertainty of the bag’s weight, given these 4 measurements?

Strategy

The average of the four measured weights is 5.1 Ib. Observe that the measured
average agrees with the nominal weight of 5 Ib within the uncertainty of 0.4 Ib. The
uncertainty in this value, 0 A, is 0.4 Ib. We can use the following equation to
determine the percent uncertainty of the weight:

% unc =% x 100%. 1.8

A



Solution

Plug the known values into the equation:

0.4 1b

— X 100% = 8%. 1.9

% unc =

Discussion

We can conclude that the weight of the apple bag is 5 1b + 8%. Consider how this
percent uncertainty would change if the bag of apples were half as heavy, but the
uncertainty in the weight remained the same. Hint for future calculations: when
calculating percent uncertainty, always remember that you must multiply the fraction
by 100%. If you do not do this, you will have a decimal quantity, not a percent value.
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W% SRS B Powers of Ten and Scientific Notation

In science, very large and very small decimal numbers are conveniently
expressed in terms of powers of ten, some of which are listed below:

|
3 = X X = -3 =
10 10 X 10 X 10 = 1000 10 10 % 10 X 10
= 0.001
|
10 10 X 10 = 100 10 10 % 10 0.01
1
I — -1 = =
10 10 10 10 0.1
10° =1

Using powers of ten, we can write the radius of the earth in the following
way, for example:

Earth radius = 6 380 000 m = 6.38 X 10°m

The factor of ten raised to the sixth power is ten multiplied by itself
six times, or one million, so the earth’s radius is 6.38 million meters.
Alternatively, the factor of ten raised to the sixth power indicates that
the decimal point in the term 6.38 is to be moved six places to the right
to obtain the radius as a number without powers of ten.

For numbers less than one, negative powers of ten are used. For
instance, the Bohr radius of the hydrogen atom is

Bohr radius = 0.000 000 000 0529 m = 5.29 X 10" m

The factor of ten raised to the minus eleventh power indicates that
the decimal point in the term 5.29 is to be moved eleven places fo

the left to obtain the radius as a number without powers of ten. Numbers
expressed with the aid of powers of ten are said to be in scientific
notation.

Calculations that involve the multiplication and division of powers
of ten are carried out as in the following examples:

(2.0 X 10%)(3.5 X 10%) = (2.0 X 3.5) X 10" = 7.0 X 10°

9.0 X 107 (9.0)
— X 7x —4
2.0 X 10* 2.0 107 %10
9.0
===) X 107* =45 X 103
(2.0) 0 5% 10

The general rules for such calculations are

1

o 1 (A-1)
10" X 10" = 10"  (Exponents added) (A-2)

10"

o 10"™  (Exponents subtracted) (A-3)

where n and m are any positive or negative number.

Scientific notation is convenient because of the ease with which it
can be used in calculations. Moreover, scientific notation provides a
convenient way to express the significant figures in a number, as
Appendix B discusses.






IOPENDIY B

The number of significant figures in a number is the number of digits
whose values are known with certainty. For instance, a person’s height
is measured to be 1.78 m, with the measurement error being in the
third decimal place. All three digits are known with certainty, so that
the number contains three significant figures. If a zero is given as the
last digit to the right of the decimal point, the zero is presumed to be
significant. Thus, the number 1.780 m contains four significant figures.
As another example, consider a distance of 1500 m. This number
contains only two significant figures, the one and the five. The zeros
immediately to the left of the unexpressed decimal point are not
counted as significant figures. However, zeros located between signifi-
cant figures are significant, so a distance of 1502 m contains four
significant figures.

Scientific notation is particularly convenient from the point of view
of significant figures. Suppose it is known that a certain distance is
fifteen hundred meters, to four significant figures. Writing the number
as 1500 m presents a problem because it implies that only two significant
figures are known. In contrast, the scientific notation of 1.500 X 10° m
has the advantage of indicating that the distance is known to four
significant figures.

When two or more numbers are used in a calculation, the number of
significant figures in the answer is limited by the number of significant
figures in the original data. For instance, a rectangular garden with sides
of 9.8 m and 17.1 m has an area of (9.8 m)(17.1 m). A calculator gives
167.58 m? for this product. However, one of the original lengths is known

only to two significant figures, so the final answer is limited to only two
significant figures and should be rounded off to 170 m?. In general, when
numbers are multiplied or divided, the number of significant figures in
the final answer equals the smallest number of significant figures in any
of the original factors.

The number of significant figures in the answer to an addition or
a subtraction is also limited by the original data. Consider the total
distance along a biker’s trail that consists of three segments with the
distances shown as follows:

2.5 km
11  km
5.26 km

Total 18.76 km

The distance of 11 km contains no significant figures to the right of the
decimal point. Therefore, neither does the sum of the three distances,
and the total distance should not be reported as 18.76 km. Instead, the
answer is rounded off to 19 km. In general, when numbers are added or
subtracted, the last significant figure in the answer occurs in the last
column (counting from left to right) containing a number that results
Jrom a combination of digits that are all significant. In the answer of
18.76 km, the eight is the sum of 2 + 1 + 5, each digit being significant.
However, the seven is the sum of 5 + 0 + 2, and the zero is not significant,
since it comes from the 11-km distance, which contains no significant
figures to the right of the decimal point.

A-1






Exercise 1: Standard Decimal Addition

**Problem:** A chemist mixes three liquid samples together. Their volumes are
measured as 14.25 mL, 7.3 mL, and 0.115 mL. What is the total volume of the mixture
reported to the correct number of significant figures?



Exercise 1: Standard Decimal Addition

**Problem:** A chemist mixes three liquid samples together. Their volumes are
measured as 14.25 mL, 7.3 mL. and 0.115 mL. What is the total volume of the mixture
reported to the correct number of significant figures?

**Solution:** 1. **Align and Add:** Write out the standard mathematical sum:

14.25 mL
7.3 mL
+ 0.115 mL
21.665 mL
2. **Identify the Limiting Column:** * 1425 ends in the hundredths place (2

decimal places).

* 7.3 ends in the **tenths place®** (1 decimal place). * 0.115 ends in the thousandths
place (3 decimal places).

3. **Round the Answer:** Because 7.3 is only known to the tenths place, the final
answer must be rounded to the tenths place. * 21.665 mL rounds to **21.7 mL**.






Exercise 2: Addition with Ambiguous/Trailing Zeros

**Problem:** An engineer is calculating the total length of a pipeline consisting of
two sections. The first section is roughly measured to be 1300 m (where the trailing zeros
are not significant). The second section is precisely measured to be 255 m. What is the
total length?



Exercise 2: Addition with Ambiguous/Trailing Zeros

**Problem:** An engineer is calculating the total length of a pipeline consisting of
two sections. The first section is roughly measured to be 1300 m (where the trailing zeros
are not significant). The second section is precisely measured to be 255 m. What is the
total length?

**Solution:** 1. **Align and Add:**

1300 m
4+ 250 m
1555 m

2. **Identify the Limiting Column:** * Following the procedures learned (like
the 1500 m example), the number 1300 m has only two significant figures (1 and 3). This
means its last significant digit is in the **hundreds place**.

* 255 m has its last significant digit in the ones place.

3. **Round the Answer:** The final sum is limited by the hundreds place. *
1555 m rounded to the nearest hundred is **1600 m** (or 1.6 x 10* m in scientific nota-

tion).






Exercise 3: Addition Involving a Radical (Square Root)

**Problem:** Find the total perimeter length of a custom triangular bracket com-
ponent by adding the calculated side length 1/16.0 cm? to an adjacent side length of
3.45 em.



Exercise 3: Addition Involving a Radical (Square Root)

**Problem:** Find the total perimeter length of a custom triangular bracket com-
ponent by adding the calculated side length 1/16.0 cm? to an adjacent side length of
3.45 cm.

**Solution:** 1. **Step 1: Evaluate the Radical:** * When taking the square
root of a value, the rule of thumb is that the result retains the **same number of significant
figures** as the original value inside the radical.

* 16.0 cm® has **3 significant figures**. * /16.0 = 4.00 cm (written with 3
significant figures to preserve accuracy to the hundredths place).

2. ¥*Step 2: Perform the Addition:**

4.00 cm
+ 345 cm
745 cm

3. **Identify the Limiting Column:** * Both 4.00 cm and 3.45 cm extend pre-
cisely to the hundredths place (2 decimal places). * Therefore, no additional rounding is
needed. The final answer is **7.45 cm™**.






Exercise 1: Density Calculation (Division)

Problem:

An object has a measured mass of 45.20 g and a volume of 15.6 mL. Calculate its density

using the formula:
Mass

Volume
Report the answer with the correct number of significant figures based on the guidelines.

Density =




Exercise 1: Density Calculation (Division)

Problem:
An object has a measured mass of 45.20 g and a volume of 15.6 mL. Calculate its density

using the formula:
Mass

Density = Volume

Report the answer with the correct number of significant figures based on the guidelines.
Solution:

1. Identify Significant Figures:
e Mass = 45.20 g has 4 significant figures (the trailing zero after the decimal
point is significant).
e Volume = 15.6 mL has 3 significant figures.

2. Perform the Calculation:

. 45.20 g -
Density = T A 2.89743589 g/mL

3. Apply the Rule: According to the rule for multiplication and division, the final
answer is limited by the factor with the smallest number of significant figures. Here,
the volume (15.6 mL) has the fewest (3 significant figures).

4. Round the Final Answer: Rounding 2.89743589 ... to 3 significant figures yields:

2.90 g/mL






A chemical solution is prepared, and its final concentration needs to be determined using
the following formula:

Mass of solute x Purity factor

Concentration = -
Volume of solution

Given that the mass of the solute is 3.50 g, the purity factor is 0.98, and the volume of
the solution is 0.2500 L, calculate the concentration to the correct number of significant

figures.



A chemical solution is prepared, and its final concentration needs to be determined using
the following formula:

Mass of solute x Purity factor

Concentration = -
Volume of solution

Given that the mass of the solute is 3.50 g, the purity factor is 0.98, and the volume of
the solution is 0.2500 L, calculate the concentration to the correct number of significant

figures.
Solution:

1. Identify Significant Figures:
« Mass of solute = 3.50 g has 3 significant figures.

o Purity factor = 0.98 has 2 significant figures (leading zeros are not significant).

e Volume = 0.2500 L has 4 significant figures (trailing zeros after a decimal point
are significant).

2. Perform the Calculation:

3.50 x 0.98  3.43
0.2500  0.2500

Concentration = =13.72 g/L

3. Apply the Rule: The rule for multiplication and division states that the final
result cannot have more significant figures than the least precise factor. The purity
factor (0.98) has the fewest significant figures (2).

4. Round the Final Answer: Rounding 13.72 to 2 significant figures yields:

14 g/L






Problem:
The final velocity v of an object dropping from rest over a distance d is determined by
the formula:

v =/2¢d

Calculate the final velocity if the acceleration due to gravity is ¢ = 9.81 m/s2 and the
distance is d = 12.50 m. (Note: The number 2 is an exact mathematical constant and
does not limit the significant figures).



Problem:
The final velocity v of an object dropping from rest over a distance d is determined by
the formula:

v =/2¢d

Calculate the final velocity if the acceleration due to gravity is ¢ = 9.81 m/s” and the
distance is d = 12.50 m. (Note: The number 2 is an exact mathematical constant and
does not limit the significant figures).

Solution:

1. Identify Significant Figures:

o Acceleration (g) = 9.81 m/s2 has 3 significant figures.
« Distance (d) = 12.50 m has 4 significant figures.
e The constant 2 is exact and has an infinite number of significant figures.

2. Perform the Calculation: First, compute the product inside the radical:

2 x 9.81 x 12.50 = 245.25
Next, extract the square root:

v = V245.25 ~ 15.6604598 m/s

3. Apply the Rule: For operations containing roots or radicals, the result inherits
the precision limitations of the values inside. Since the core multiplication inside is
constrained by g (3 significant figures), the value under the root effectively carries
3 significant figures of precision, meaning the final answer must be rounded to 3
significant figures.

4. Round the Final Answer: Rounding 15.6604598 . .. to 3 significant figures yields:

15.7 m/s






Approximation.



EXAMPLE 1.3

Approximate the Height of a Building

Can you approximate the height of one of the buildings on your campus, or in your
neighborhood? Let us make an approximation based upon the height of a person. In
this example, we will calculate the height of a 39-story building.

Strategy

Think about the average height of an adult male. We can approximate the height of
the building by scaling up from the height of a person.

Solution

Based on information in the example, we know there are 39 stories in the building. If
we use the fact that the height of one story is approximately equal to about the
length of two adult humans (each human is about 2-m tall), then we can estimate the
total height of the building to be

2 1m 2 person
X b X 39 stories = 156 m. 1.13
1 person 1 story




Discussion

You can use known quantities to determine an approximate measurement of
unknown quantities. If your hand measures 10 cm across, how many hand lengths
equal the width of your desk? What other measurements can you approximate
besides length?



Approximation



The U.S. federal debt in 2021 was a little more than $28 trillion. Most of us do not
have any concept of how much even one trillion actually is. Suppose that you were
given a trillion dollars in $100 bills. If you made 100-bill stacks and used them to
evenly cover a football field (between the end zones), make an approximation of how
high the money pile would become. (We will use feet/inches rather than meters here
because football fields are measured in yards.) One of your friends says 3 in., while
another says 10 ft. What do you think?

Strategy

When you imagine the situation, you probably envision thousands of small stacks of
100 wrapped $100 bills, such as you might see in movies or at a bank. Since this is
an easy-to-approximate quantity, let us start there. We can find the volume of a stacl
of 100 bills, find out how many stacks make up one trillion dollars, and then set this
volume equal to the area of the football field multiplied by the unknown height.



Solution

(1) Calculate the volume of a stack of 100 bills. The dimensions of a single bill are
approximately 3 in. by 6 in. A stack of 100 of these is about 0.5 in. thick. So the total
volume of a stack of 100 bills is:

volume of stack = length X width X height,

volume of stack = 6 in. X 3 in. X 0.5 in., 1.14

volume of stack = 9 in.3.

(2) Calculate the number of stacks. Note that a trillion dollars is equal to $1 X 1012,

and a stack of one-hundred $100 bills is equal to $10,000, or §1 x 10%. The
number of stacks you will have is:

$1 x 10'%(a trillion dollars)/ $1 x 10* per stack = 1 x 10° stacks. |1.15




(8) Calculate the area of a football field in square inches. The area of a football field is

100 yd x50 yd, which gives 5,000 yd*. Because we are working in inches, we
need to convert square yards to square inches:

Area = 5,000 yd* x £ x £ x 2 x 28 — 6,480,000 in.?
1.16

1f
Area ~ 6 x 10° in.2.

This conversion gives us 6 X 10° in.? for the area of the field. (Note that we are
using only one significant figure in these calculations.)



(4) Calculate the total volume of the bills. The volume of all the $100-bill stacks is
9 in.3 /stack x 10° stacks = 9 x 10° in.3.

(5) Calculate the height. To determine the height of the bills, use the equation:

volume of bills = area of field x height of money:

Height of money = Vglr‘;fzfoﬁi:ﬂls , —
. 8: 3 , .

Height of money = gzigﬁiizz = 1.33 x 10%n.,

Height of money =~ 1 x 10%in. = 100 in.

The height of the money will be about 100 in. high. Converting this value to feet gives

1 ft

100 in. X = 8.33 ft ~ 8 ft. 1.18

12 in.



Discussion

The final approximate value is much higher than the early estimate of 3 in., but the
other early estimate of 10 ft (120 in.) was roughly correct. How did the approximation
measure up to your first guess? What can this exercise tell you in terms of rough
“guesstimates” versus carefully calculated approximations?












Check Your Understanding

Using mental math and your understanding of fundamental units, approximate the area
of a regulation basketball court. Describe the process you used to arrive at your final
approximation.



Check Your Understanding

Using mental math and your understanding of fundamental units, approximate the area
of a regulation basketball court. Describe the process you used to arrive at your final
approximation.

Solution

An average male is about two meters tall. It would take approximately 15 males laid out
end to end to cover the length, and about 7 to cover the width. That gives an

approximate area of 420 m?.



Check Your Understanding

Using mental math and your understanding of fundamental units, approximate the area
of a regulation basketball court. Describe the process you used to arrive at your final
approximation.

Solution

An average male is about two meters tall. It would take approximately 15 males laid out
end to end to cover the length, and about 7 to cover the width. That gives an

approximate area of 420 m?.

O 28 meters
91.9 feet

T

15
- meters
49.2 fet

l

«—— 15meters —






Chapter 2



Kinematics in One Dimension

Displacement

There are two aspects to any motion. In a purely descriptive sense, there is the
movement itself. Is it rapid or slow, for instance? Then, there is the issue of what causes
the motion or what changes it, which requires that forces be considered. Kinematics deals
with the concepts that are needed to describe motion, without any reference to forces. The
present chapter discusses these concepts as they apply to motion in one dimension, and the
next chapter treats two-dimensional motion. Dynamics deals with the effect that forces
have on motion, a topic that is considered in Chapter 4. Together, kinematics and dynamics
form the branch of physics known as mechanics. We turn now to the first of the kinemat-
ics concepts to be discussed, which is displacement.

To describe the motion of an object, we must be able to specify the location of the
object at all times, and Figure 2.1 shows how to do this for one-dimensional motion. In this
drawing, the initial position of a car is indicated by the vector labeled X,. The length of
X, is the distance of the car from an arbitrarily chosen origin. At a later time the car has
moved to a new position, which is indicated by the vector X. The displacement of the car
AX (read as “delta x” or “the change in x”) is a vector drawn from the initial position to
the final position. Displacement is a vector quantity in the sense discussed in Section 1.5,
for it conveys both a magnitude (the distance between the initial and final positions) and a
direction. The displacement can be related to X, and X by noting from the drawing that

X+ AX =% or AX =% - %,

Thus, the displacement AX is the difference between X and X, and the Greek letter delta
(A) is used to signify this difference. It is important to note that the change in any variable
1s always the final value minus the initial value.



X,+ AX =% or AX =% — %,

Thus, the displacement AX is the difference between X and X, and the Greek letter delta

(A) is used to signify this difference. It is important to note that the change in any variable Origin
is always the final value minus the initial value. 5_‘_';\ !
O 3
QO Lo O
S iad : Xo Disp! t = AX
Definition of Displacement > 's‘i e
X
The displacement is a vector that points from an object’s initial position to its final , _ .
Figure 2.1 The displacement AX is a

osition and has a magnitude that equals the shortest distance between the two positions.
P &n e po vector that points from the initial position

SI Unit of Displacement: meter (m) X, to the final position X.



2.1 Displacement
Chapter 2 LEARNING OBJECTIVES

By the end of this section, you will be able to:

» Define position, displacement, distance, and distance traveled.
* Explain the relationship between position and displacement.
» Distinguish between displacement and distance traveled.

» Calculate displacement and distance given initial position, final position, and the
path between the two.



Position

In order to describe the motion of an object, you must first be able to describe its position

C h apte r 2 —where it is at any particular time. More precisely, you need to specify its position relative
to a convenient reference frame. Earth is often used as a reference frame, and we often
describe the position of an object as it relates to stationary objects in that reference frame.
For example, a rocket launch would be described in terms of the position of the rocket with
respect to the Earth as a whole, while a professor’s position could be described in terms of
where she is in relation to the nearby white board. (See Figure 2.3.) In other cases, we use
reference frames that are not stationary but are in motion relative to the Earth. To describe
the position of a person in an airplane, for example, we use the airplane, not the Earth, as
the reference frame. (See Figure 2.4.)



Chapter 2

Displacement

If an object moves relative to a reference frame (for example, if a professor moves to the
right relative to a white board or a passenger moves toward the rear of an airplane), then the

object’s position changes. This change in position is known as displacement. The word
“displacement” implies that an object has moved, or has been displaced.

DISPLACEMENT

Displacement is the change in position of an object:

Az = ¢ — xy, 2.1

where Az is displacement, x; is the final position, and z is the initial position.



Suppose that the initial position of the car in Figure 2.1 is X; when the time is #;,. A little
later that car arrives at the final position X at the time 7. The difference between these times
is the timc required for the car to travel between the two positions. We denote this differ-
ence by the shorthand notation At (read as “delta t”), where At represents the final time ¢
minus the initial time 7,

At=1t-1,

hv—t
Elapsed time

Note that Ar is defined in a manner analogous to AX, which is the final position minus the
initial position (AX = X — X,)). Dividing the displacement AX of the car by the elapsed time
At gives the average velocity of the car. It is customary to denote the average value of a
yuanlity by placing a horizontal bar above the symbol representing the quantity. The aver-
age velocity, then, is written as Vv, as specified in Equation 2.2:



Ch

MISCONCEPTION ALERT: DISTANCE TRAVELED VS. MAGNITUDE OF
DISPLACEMENT

It is important to note that the distance traveled, however, can be greater than the
magnitude of the displacement (by magnitude, we mean just the size of the
displacement without regard to its direction; that is, just a number with a unit). For
example, the professor could pace back and forth many times, perhaps walking a
distance of 150 m during a lecture, yet still end up only 2.0 m to the right of her
starting point. In this case her displacement would be +2.0 m, the magnitude of her
displacement would be 2.0 m, but the distance she traveled would be 150 m. In
kinematics we nearly always deal with displacement and magnitude of displacement,
and almost never with distance traveled. One way to think about this is to assume
you marked the start of the motion and the end of the motion. The displacement is
simply the difference in the position of the two marks and is independent of the path
taken in traveling between the two marks. The distance traveled, however, is the total
length of the path taken between the two marks.
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Check Your Understanding

A cyclist rides 3 km west and then turns around and rides 2 km east. (a) What is their
( : h a displacement? (b) What distance do they ride? (c) What is the magnitude of their
F displacement?

* We may assume the direction ‘east’ is our positive direction, like
in a typical x axis in a Cartesian plane.



Check Your Understanding

A cyclist rides 3 km west and then turns around and rides 2 km east. (@) What is their

C h a displacement? (b) What distance do they ride? (c) What is the magnitude of their
F displacement?

[Show/Hide Solution]
Solution
Axl _3 km N
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[ )
I I W(—x) »E(+x)
)—I Xf | X0
L )
L S
sz = 42 km
Figure 2.5
(a) The rider’s displacement is Az = z; — x¢o = —1 km. (The displacement is

negative because we take east to be positive and west to be negative.)
(b) The distance traveled is 3 km + 2 km = 5 km.

(c) The magnitude of the displacement is 1 km.
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Time

As discussed in Physical Quantities and Units, the most fundamental physical quantities are
defined by how they are measured. This is the case with time. Every measurement of time
involves measuring a change in some physical quantity. It may be a number on a digital
clock, a heartbeat, or the position of the Sun in the sky. In physics, the definition of time is
simple—time is change, or the interval over which change occurs. It is impossible to know
that time has passed unless something changes.

The amount of time or change is calibrated by comparison with a standard. The Sl unit for
time is the second, abbreviated s. We might, for example, observe that a certain pendulum
makes one full swing every 0.75 s. We could then use the pendulum to measure time by
counting its swings or, of course, by connecting the pendulum to a clock mechanism that
registers time on a dial. This allows us to not only measure the amount of time, but also to
determine a sequence of events.

How does time relate to motion? We are usually interested in elapsed time for a particular
motion, such as how long it takes an airplane passenger to get from his seat to the back of
the plane. To find elapsed time, we note the time at the beginning and end of the motion
and subtract the two. For example, a lecture may start at 11:00 A.M. and end at 11:50 AM.,
so that the elapsed time would be 50 min. Elapsed time At is the difference between the
ending time and beginning time,

At =ty — 1o, 2.4

where At is the change in time or elapsed time, ¢; is the time at the end of the motion, and
to is the time at the beginning of the motion. (As usual, the delta symbol, A, means the
change in the quantity that follows it.)



so that the elapsed time would be 50 min. Elapsed time At is the difference between the
ending time and beginning time,

At = t; — to, 2.4

where At is the change in time or elapsed time, t; is the time at the end of the motion, and
to is the time at the beginning of the motion. (As usual, the delta symbol, A, means the
change in the quantity that follows it.)

Life is simpler if the beginning time ¢ is taken to be zero, as when we use a stopwatch. If
we were using a stopwatch, it would simply read zero at the start of the lecture and 50 min
attheend. If ty = 0, then At = {; = L.

In this text, for simplicity’s sake,

 motion starts at time equal to zero (t; = 0)
« the symbol t is used for elapsed time unless otherwise specified (At = t; = t)






Speed and Velocity
B Average Speed

One of the most obvious features of an object in motion is how fast it is moving. If a
car travels 200 meters in 10 seconds, we say its average speed is 20 meters per second,
the average speed being the distance traveled divided by the time required to cover the
distance:

Distance

A peed = 2.1
M Elapsed time (1)

Equation 2.1 indicates that the unit for average speed is the unit for distance divided by the

unit for time, or meters per second (m/s) in SI units. Example 1 illustrates how the idea of
average speed is used.

201 B Distance Run by a Jogger
How far does a jogger run in 1.5 hours (5400 s) if his average speed is 2.22 m/s?

Reasoning The average speed of the jogger is the average distance per second that he travels.
Thus, the distance covered by the jogger is equal to the average distance per second (his average
speed) multiplied by the number of seconds (the elapsed time) that he runs.

Solution To find the distance run, we rewrite Equation 2.1 as

Distance = (Average speed)(Elapsed time) = (2.22 m/s)(5400s) = |12 000 m







Velocity

Your notion of velocity is probably the same as its scientific definition. You know that if you
have a large displacement in a small amount of time you have a large velocity, and that
velocity has units of distance divided by time, such as miles per hour or kilometers per hour.

AVERAGE VELOCITY

Average velocity is displacement (change in position) divided by the time of travel,

Azx T — T

v = - , 25
At ti—t

where v is the average (indicated by the bar over the v) velocity, Az is the change in
position (or displacement), and ¢ and x( are the final and beginning positions at

times ¢; and £, respectively. If the starting time £ is taken to be zero, then the
average velocity is simply

v = 26

Az
—.




2.6

- Az
V= —.
t

Notice that this definition indicates that velocity is a vector because displacement is a
vector. It has both magnitude and direction. The Sl unit for velocity is meters per second or
m/s, but many other units, such as km/h, mi/h (also written as mph), and cm/s, are in
common use. Suppose, for example, an airplane passenger took 5 seconds to move -4 m
(the negative sign indicates that displacement is toward the back of the plane). His average
velocity would be

- A —4
v="22 ' m/s. 2.7

t 5s

The minus sign indicates the average velocity is also toward the rear of the plane.

The average velocity of an object does not tell us anything about what happens to it
between the starting point and ending point, however. For example, we cannot tell from
average velocity whether the airplane passenger stops momentarily or backs up before he
goes to the back of the plane. To get more details, we must consider smaller segments of
the trip over smaller time intervals.
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Figure 2.9 A more detailed record of an airplane passenger heading toward the back of the plane, showing smaller
segments of his trip.



The smaller the time intervals considered in a motion, the more detailed the information.
When we carry this process to its logical conclusion, we are left with an infinitesimally small
interval. Over such an interval, the average velocity becomes the instantaneous velocity or
the velocity at a specific instant. A car’s speedometer, for example, shows the magnitude
(but not the direction) of the instantaneous velocity of the car. (Police give tickets based on
instantaneous velocity, but when calculating how long it will take to get from one place to
another on a road trip, you need to use average velocity.) Instantaneous velocity v is the
average velocity at a specific instant in time (or over an infinitesimally small time interval).

Mathematically, finding instantaneous velocity, v, at a precise instant £ can involve taking a
limit, a calculus operation beyond the scope of this text. However, under many
circumstances, we can find precise values for instantaneous velocity without calculus.



Speed

In everyday language, most people use the terms “speed” and “velocity” interchangeably. In
physics, however, they do not have the same meaning and they are distinct concepts. One
major difference is that speed has no direction. Thus speed is a scalar. Just as we need to
distinguish between instantaneous velocity and average velocity, we also need to
distinguish between instantaneous speed and average speed.

Instantaneous speed is the magnitude of instantaneous velocity. For example, suppose the
airplane passenger at one instant had an instantaneous velocity of —-3.0 m/s (the minus
meaning toward the rear of the plane). At that same time his instantaneous speed was 3.0
m/s. Or suppose that at one time during a shopping trip your instantaneous velocity is 40
km/h due north. Your instantaneous speed at that instant would be 40 km/h—the same
magnitude but without a direction. Average speed, however, is very different from average
velocity. Average speed is the distance traveled divided by elapsed time.

We have noted that distance traveled can be greater than the magnitude of displacement.
So average speed can be greater than average velocity, which is displacement divided by
time. For example, if you drive to a store and return home in half an hour, and your car’s
odometer shows the total distance traveled was 6 km, then your average speed was 12
km/h. Your average velocity, however, was zero, because your displacement for the round
trip is zero. (Displacement is change in position and, thus, is zero for a round trip.) Thus
average speed is not simply the magnitude of average velocity.



Home

Figure 2.10 During a 30-minute round trip to the store, the total distance traveled is

6 km. The average speed is 12 km/h. The displacement for the round trip is zero,

since there was no net change in position. Thus the average velocity is zero.
Another way of visualizing the motion of an object is to use a graph. A plot of position or of
velocity as a function of time can be very useful. For example, for this trip to the store, the
position, velocity, and speed-vs.-time graphs are displayed in Figure 2.11. (Note that these
graphs depict a very simplified model of the trip. We are assuming that speed is constant
during the trip, which is unrealistic given that we’ll probably stop at the store. But for
simplicity’s sake, we will model it with no stops or changes in speed. We are also assuming
that the route between the store and the house is a perfectly straight line.)
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Figure 2.10 During a 30-minute round trip to the store, the total distance traveled is
6 km. The average speed is 12 km/h. The displacement for the round trip is zero,
since there was no net change in position. Thus the average velocity is zero.
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Figure 2.10 During a 30-minute round trip to the store, the total distance traveled is
6 km. The average speed is 12 km/h. The displacement for the round trip is zero,
since there was no net change in position. Thus the average velocity is zero.

Figure 2.11 Position vs. time, velocity vs. time, and speed vs. time on a trip. Note that
the velocity for the return trip is negative.
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Figure 2.11 Position vs. time, velocity vs. time, and speed vs. time on a trip. Note that
the velocity for the return trip is negative.






Suppose that the initial position of the car in Figure 2.1 is X, when the time is ;. A little
later that car arrives at the final position X at the time 7. The difference between these times
is the time rcquired for the car to travel between the two positions. We denotce this differ-
ence by the shorthand notation At (read as “delta t”), where At represents the final time ¢
minus the initial time 7,

Elapsed time

Note that Ar is defined in a manner analogous to AX, which is the final position minus the
initial position (AX = X — X,;). Dividing the displacement AX of the car by the elapsed time
At gives the average velocity of the car. It is customary to denote the average value of a
yuanlity by placing a horizontal bar above the symbol representing the quantity. The aver-
age velocity, then, is written as Vv, as specified in Equation 2.2:

Definition of Average Velocity

A locit Displacement
V j—
crage velocity Elapsed time
V= = 2.2
r—1, At (2.2)

SI Unit of Average Velocitv: meter per second (m/s)



Figure 2.2 The boats in this photograph
are traveling in opposite directions; in other
words, the velocity of one boat points in a
direction that is opposite to the velocity of
the other boat. (© Michael Dietrick/

age fotostock)

Average velocity is a vector that points in the same direction as the displacement in
Equation 2.2. Figure 2.2 illustrates that the velocity of an object confined to move along a
line can point either in one direction or in the opposite direction. As with displacement, we
will use plus and minus signs to indicate the two possible directions. If the displacement
points in the positive direction, the average velocity is positive. Conversely, if the displace-
ment points in the negative direction, the average velocity is negative. Example 2 illus-
trates these features of average velocity.




26 L The World’s Fastest Jet-Engine Car

Andy Green in the car ThrustSSC set a world record of 341.1 m/s (763 mi/h) in 1997. The car
was powered by two jet engines, and it was the first one officially to exceed the speed of sound.
To establish such a record, the driver makes two runs through the course, one in each direction,
to nullify wind effects. Figure 2.3a shows that the car first travels from left to right and covers
a distance of 1609 m (1 mile) in a time of 4.740 s. Figure 2.3b shows that in the reverse direc-
tion, the car covers the same distance in 4.695 s. From these data, determine the average veloc-
ity for each run.

Reasoning Average velocity is defined as the displacement divided by the elapsed time. In
using this definition we recognize that the displacement is not the same as the distance traveled.
Displacement takes the direction of the motion into account, and distance does not. During both
runs, the car covers the same distance of 1609 m. However, for the first run the displacement
is AX = +1609 m, while for the second it is AX = —1609 m. The plus and minus signs are
essential, because the first run is to the right, which is the positive direction, and the second run
is in the opposite or negative direction.

Solution According to Equation 2.2, the average velocities are

_ AX +1609 m
7= ~ [+339.5 m/
fun i VoA T 4740 s >
_ AX —1609 m
Run 2 = e L — 327 o/
i ke heges >

p=0s i t=4740s
‘ — - | ——
(M 4
Start Finish
e —_
AX = +1609 m ‘
=
(a)
t=4.695s 15=0s
.'::;AT\-_ ‘\:.r’
T w
Finish Start »
= i ——]
AX =-1609m
-

(b)

Figure 2.3 The arrows in the box at the top

of the drawing indicate the positive and nega-

tive directions for the displacements of the

car, as explained in Example 2.






B Instantaneous Velocity

Suppose the magnitude of your average velocity for a long trip was 20 m/s. This value,
being an average, does not convey any information about how fast you were moving or the
direction of the motion at any instant during the trip. Both can change from one instant to
another. Surely there were times when your car traveled faster than 20 m/s and times when
it traveled more slowly. The instantaneous velocity V of the car indicates how fast the car
moves and the direction of the motion at each instant of time. The magnitude of the instan-
taneous velocity is called the instantaneous speed, and it is the number (with units) indi-
cated by the speedometer.

The instantaneous velocity at any point during a trip can be obtained by measuring the
time interval At for the car to travel a very small displacement AX. We can then compute
the average velocity over this interval. If the time Ar is small enough, the instantaneous
velocity does not change much during the measurement. Then, the instantaneous velocity
v at the point of interest is approximately equal to (=) the average velocity Vv computed
over the interval, or V=V = AX/At (for sufficiently small A7). In fact, in the limit that At
becomes infinitesimally small, the instantaneous velocity and the average velocity become
equal, so that

v= 1l Ax 2.3)
AtlT o At (2.
A_.
The notation AlirnoA—’: means that the ratio AX/At is defined by a limiting process in

which smaller and smaller values of At are used, so small that they approach zero. As
smaller values of Az are used, AX also becomes smaller. However, the ratio AX/At does not
become zero but, rather, approaches the value of the instantaneous velocity. For brevity, we
will use the word velocity to mean “instantaneous velocity” and speed to mean “instanta-
neous speed.”






Check Your Understanding

(The answers are given at the end of the book).
2. Is the average speed of a vehicle a vector or a scalar quantity?

3. Two buses depart from Chicago, one going to New York and one to San Francisco. Each bus
travels at a speed of 30 m/s. Do they have equal velocities?

4. One of the following statements is incorrect. (a) The car traveled around the circular track at
a constant velocity. (b) The car traveled around the circular track at a constant speed. Which
statement is incorrect?

5. A straight track is 1600 m in length. A runner begins at the starting line, runs due east for
the full length of the track, turns around and runs halfway back. The time for this run is five
minutes. What is the runner’s average velocity, and what is his average speed?

6. The average velocity for a trip has a positive value. Is it possible for the instantaneous velocity
at a point during the trip to have a negative value?
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travels at a speed of 30 m/s. Do they have equal velocities?
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4. One of the following statements is incorrect. (a) The car traveled around the circular track at
a constant velocity. (b) The car traveled around the circular track at a constant speed. Which
statement is incorrect?

5. A straight track is 1600 m in length. A runner begins at the starting line, runs due east for
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(The answers are given at the end of the book).
2. Is the average speed of a vehicle a vector or a scalar quantity?

3. Two buses depart from Chicago, one going to New York and one to San Francisco. Each bus
travels at a speed of 30 m/s. Do they have equal velocities?

4. One of the following statements is incorrect. (a) The car traveled around the circular track at
a constant velocity. (b) The car traveled around the circular track at a constant speed. Which
statement is incorrect?

5. A straight track is 1600 m in length. A runner begins at the starting line, runs due east for
the full length of the track, turns around and runs halfway back. The time for this run is five
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average velocity = 2.7 m/s due east,
average speed = 8.0 m/s



Check Your Understanding

(The answers are given at the end of the book).
2. Is the average speed of a vehicle a vector or a scalar quantity?

3. Two buses depart from Chicago, one going to New York and one to San Francisco. Each bus
travels at a speed of 30 m/s. Do they have equal velocities?

4. One of the following statements is incorrect. (a) The car traveled around the circular track at
a constant velocity. (b) The car traveled around the circular track at a constant speed. Which
statement is incorrect?

5. A straight track is 1600 m in length. A runner begins at the starting line, runs due east for
the full length of the track, turns around and runs halfway back. The time for this run is five
minutes. What is the runner’s average velocity, and what is his average speed?

6. The average velocity for a trip has a positive value. Is it possible for the instantaneous velocity
at a point during the trip to have a negative value?

CYU 2:
CYU 3:
CYU 4:
CYUS:

CYU 6:

scalar quantity

No.

a

average velocity = 2.7 m/s due east,
average speed = 8.0 m/s

Yes.









The meaning of average acceleration can be illustrated by considering a plane during
takeoff. Figure 2.4 focuses attention on how the plane’s velocity changes along the run-
way. During an elapsed time interval At = t — 1, the velocity changes from an initial value
of ¥, to a final velocity of V. The change AV in the plane’s velocity is its final velocity
minus its initial velocity, so that AV = ¥ — ¥,,. The average acceleration a is defined in the
following manner, to provide a measure of how much the velocity changes per unit of
elapsed time.

Definition of Average Acceleration

Change in velocity
Elapsed time

V-V, AV (2.4)
t— t, At '

Average acceleration =

2l

SI Unit of Average Acceleration: meter per second squared (m/s?)

The average acceleration a is a vector that points in the same direction as AV, the
change in the velocity. Following the usual custom, plus and minus signs indicate the two
possible directions for the acceleration vector when the motion is along a straight line.

We are often interested in an object’s acceleration at a particular instant of time. The
instantaneous acceleration a can be defined by analogy with the procedure used in
Section 2.2 for instantaneous velocity:



Figure 2.4 During takeoff, the plane
accelerates from an initial velocity ¥, to a
final velocity V during the time interval

At =t —t,







(a)

(b)

(©)

(d)

¥

oo | ..

» Figure 2.14 (a) This car is speeding up as it

moves toward the right. It therefore has positive
acceleration in our coordinate system. (b) This
car is slowing down as it moves toward the
right. Therefore, it has negative acceleration in
our coordinate system, because its acceleration
Is toward the left. The car is also decelerating:
the direction of its acceleration is opposite to its
direction of motion. (c) This car is moving
toward the left, but slowing down over time.
Therefore, its acceleration is positive in our
coordinate system because it is toward the
right. However, the car is decelerating because
its acceleration is opposite to its motion. (d)
This car is speeding up as it moves toward the
left. It has negative acceleration because it is
accelerating toward the left. However, because
its acceleration is in the same direction as its
motion, it is speeding up (not decelerating).






Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?




Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?
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< 2 A

W (—x) > F (+x)

ve= —15.0 m/s S (—y)



Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?

We can solve this problem by identifying Av and At from the given information and
then calculating the average acceleration directly from the equation

® W (—x) > F (+x)

ve= —15.0 m/s S (—y)



Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?

We can solve this problem by identifying Av and At from the given information and
then calculating the average acceleration directly from the equation
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Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?

ve= —15.0 m/s

W (—x)

N (+y)
A

S(—y)

> F (+x)

We can solve this problem by identifying Av and At from the given information and
then calculating the average acceleration directly from the equation

n — Av _ vw—v
@ = At~ t—tp
Solution

1. Identify the knowns. vy = 0, v = —15.0 m/s (the negative sign indicates
direction toward the west), At = 1.80 s.

2. Find the change in velocity. Since the horse is going from zero to —15.0 m/s, its
change in velocity equals its final velocity: Av = v = —15.0 m/s.

3. Plug in the known values (Av and At) and solve for the unknown a.

Av  —15.0 m/s 5 —
= = —8. i 2.11
At 1.80 s SRR S

a—




Calculating Acceleration: A Racehorse Leaves the Gate

A racehorse coming out of the gate accelerates from rest to a velocity of 15.0 m/s
due west in 1.80 s. What is its average acceleration?

ve= —15.0 m/s

W (—x)

N (+y)
A

Discussion

The negative sign for acceleration indicates that acceleration is toward the west. An

acceleration of 8.33 m/ s? due west means that the horse increases its velocity by
8.33 m/s due west each second, that is, 8.33 meters per second per second, which

we write as 8.33 m/ s. This is truly an average acceleration, because the ride is not
smooth. We shall see later that an acceleration of this magnitude would require the
rider to hang on with a force nearly equal to his weight.

> F (+x)

S(—y)






EXAMPLE 2.2

Calculating Displacement: A Subway Train

What are the magnitude and sign of displacements for the motions of the subway
train shown in parts (a) and (b) of Figure 2.18?

Ax = 2.00 km

,x(km)

1
Xy

Ax’ = —1.50 km

= 4.70 km

Xf = 6.70 km

> x (km)

:xf = 3.75 km

\x6=5.25km

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left
for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz, to ;. Its displacement
Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)



EXAMPLE 2.2

Calculating Displacement: A Subway Train

What are the magnitude and sign of displacements for the motions of the subway
train shown in parts (a) and (b) of Figure 2.187?

Strategy

A drawing with a coordinate system is already provided, so we don’t need to make a
sketch, but we should analyze it to make sure we understand what it is showing. Pay
particular attention to the coordinate system. To find displacement, we use the
equation Az = z; — x(. This is straightforward since the initial and final positions
are given.

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left
N for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz, to ;. Its displacement
@ Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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EXAMPLE 2.2

Calculating Displacement: A Subway Train

What are the magnitude and sign of displacements for the motions of the subway

train shown in parts (a) and (b) of Figure 2.187?

Solution

1. Identify the knowns. In the figure we see that z; = 6.70 km and z7 = 4.70 km
for part (a), and z’; = 3.75 km and 2’y = 5.25 km for part (b).

2. Solve for displacement in part (a).

Az =z — 29 = 6.70 km — 4.70 kmm= 42.00 km 2.12

3. Solve for displacement in part (b).

Ar'=z's — 2’y = 3.75 km — 5.25 km = —1.50 km 2.13

%0 = 4.70 km

y Ax’ = —1.50 km

| _ v > x (k)

xf=375km  1x§=525km

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left
for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz to x;. Its displacement
Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)




EXAMPLE 2.2

Calculating Displacement: A Subway Train

What are the magnitude and sign of displacements for the motions of the subway

train shown in parts (a) and (b) of Figure 2.187?
2. Solve for displacement in part (a).

Az =z — 29 = 6.70 km — 4.70 kmm= 4+2.00 km 2.12

3. Solve for displacement in part (b).

Az'=z"s — 2’y = 3.75 km — 5.25 km = —1.50 km 213

Discussion

The direction of the motion in (a) is to the right and therefore its displacement has a
positive sign, whereas motion in r(b) is to the left and thus has a negative sign.

rigure <.10 Une-aimensiornal mouon Of @ Suoway rain Consigereq in txampie .2, exampie .o, example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left
for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz to x;. Its displacement
Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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EXAMPLE 2.3

Comparing Distance Traveled with Displacement: A Subway Train

What are the distances traveled for the motions shown in parts (a) and (b) of the
subway train in Figure 2.18?

Strategy

To answer this question, think about the definitions of distance and distance traveled,
and how they are related to displacement. Distance between two positions is defined
to be the magnitude of displacement, which was found in Example 2.2. Distance
traveled is the total length of the path traveled between the two positions. (See
Displacement.) In the case of the subway train shown in Figure 2.18, the distance
traveled is the same as the distance between the initial and final positions of the
train.

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left

ExO . =670 ki for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz to x;. Its displacement
@ Az is +2.0 km. (b) The train moves to the left from z’ to z';. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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EXAMPLE 2.3

Comparing Distance Traveled with Displacement: A Subway Train

What are the distances traveled for the motions shown in parts (a) and (b) of the
subway train in Figure 2.187?

Solution

1. The displacement for part (a) was +2.00 km. Therefore, the distance between the
initial and final positions was 2.00 km, and the distance traveled was 2.00 km.

2. The displacement for part (b) was —1.5 km. Therefore, the distance between the
initial and final positions was 1.50 km, and the distance traveled was 1.50 km.

Discussion

Distance is a scalar. It has magnitude but no sign to indicate direction.

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left

ExO . =670 ki for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz to x;. Its displacement
@ Az is +2.0 km. (b) The train moves to the left from z’ to z';. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left
for displacements, velocities, and accelerations. (a) The subway train moves to the right from x(, to x;. Its displacement
Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol (") is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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e = 30.0 kn/h = I Calculating Acceleration: A Subway Train Speeding Up
e x | Suppose the train in Figure 2.18(a) accelerates from rest to 30.0 km/h in the first 20.0
a=:? s of its motion. What is its average acceleration during that time interval?

0000

J

Figure 2.18 One-dimensional motion of a subway train considered in Example 2.2, Example 2.3, Example 2.4, Example
2.5, Example 2.6, and Example 2.7. Here we have chosen the z-axis so that + means to the right and — means to the left

= 70k N for displacements, velocities, and accelerations. (a) The subway train moves to the right from xz, to ;. Its displacement
@ Az is +2.0 km. (b) The train moves to the left from z’y to z”+. Its displacement Az’ is —1.5 km. (Note that the prime
symbol () is used simply to distinguish between displacement in the two different situations. The distances of travel and
the size of the cars are on different scales to fit everything into the diagram.)
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EXAMPLE 2.4
y
[ Calculating Acceleration: A Subway Train Speeding Up

Suppose the train in Figure 2.18(a) accelerates from rest to 30.0 km/h in the first 20.0
s of its motion. What is its average acceleration during that time interval?

This problem involves three steps. First we must determine the change in velocity,
then we must determine the change in time, and finally we use these values to
calculate the acceleration.

Solution

1. Identify the knowns. vy = 0 (the trains starts at rest), vi = 30.0 km /h, and
At = 20.0 s.



° EXAMPLE 2.4

vy = 0 km/h _)/
o = 30.0 k/h = [ Calculating Acceleration: A Subway Train Speeding Up
_ x | Suppose the train in Figure 2.18(a) accelerates from rest to 30.0 km/h in the first 20.0
a=:? s of its motion. What is its average acceleration during that time interval?
Solution
1. Identify the knowns. vy = 0 (the trains starts at rest), vi = 30.0 km /h, and
At = 20.0 s.

2. Calculate Av. Since the train starts from rest, its change in velocity is
Av= +430.0 km/h, where the plus sign means velocity to the right.

3. Plug in known values and solve for the unknown, a.

Av  +30.0 km/h
At 20.0s

2.14

a —

4. Since the units are mixed (we have both hours and seconds for time), we need to
convert everything into Sl units of meters and seconds. (See Physical Quantities and
Units for more guidance.)

- +30 km/h\ /10°m 1h "
_ — 0.41 215
¢ ( 20.0 s )(1km)(36008) 0.417 m/s




° EXAMPLE 2.4

2i= Ul _ y Solution
% = 30:0km/h ‘ 1. Identify the knowns. vy = 0 (the trains starts at rest), v = 30.0 km/h, and
. " At =20.0s.
‘2. Calculate Av. Since the train starts from rest, its change in velocity is
Av= +30.0 km/h, where the plus sign means velocity to the right.
3. Plug in known values and solve for the unknown, a.
E=ﬂ= +30.0 km/h 214
At 20.0 s
4. Since the units are mixed (we have both hours and seconds for time), we need to
convert everything into Sl units of meters and seconds. (See Physical Quantities and
Units for more guidance.)
~ 430 km/h 10° m 1h
a= / ( ) = 0.417 m/s’ 2.15
20.0s 1 km 3600 s
Discussion

The plus sign means that acceleration is to the right. This is reasonable because the
train starts from rest and ends up with a velocity to the right (also positive). So
acceleration is in the same direction as the change in velocity, as is always the case.












Chapter 2

2.2 Vectors, Scalars, and Coordinate Systems

» A vector is any quantity that has magnitude and direction.
» A scalar is any quantity that has magnitude but no direction.
* Displacement and velocity are vectors, whereas distance and speed are scalars.

* |In one-dimensional motion, direction is specified by a plus or minus sign to signify left
or right, up or down, and the like.




Chapter 2

Vectors in Two Dimensions

A vector is a quantity that has magnitude and direction. Displacement, velocity,
acceleration, and force, for example, are all vectors. In one-dimensional, or straight-line,
motion, the direction of a vector can be given simply by a plus or minus sign. In two
dimensions (2-d), however, we specify the direction of a vector relative to some reference
frame (i.e., coordinate system), using an arrow having length proportional to the vector’s
magnitude and pointing in the direction of the vector.

Figure 3.8 shows such a graphical representation of a vector, using as an example the total
displacement for the person walking in a city considered in Kinematics in Two Dimensions:
An Introduction. We shall use the notation that a boldface symbol, such as D, stands for a
vector. Its magnitude is represented by the symbol in italics, D, and its direction by 6.
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Vectors



Vectors

SIDE NOTE

The magnitude of a vector is
similar to the absolute value of
a real number. Like absolute
value, the magnitude of a
vector cannot be negative.

| Objective 1> |

Q terminal
point

P initial point

Figure 7.21 » A vector

CINE AATE

Vectors

Many physical quantities such as length, area, volume, mass, and temperature are completely
described by their magnitudes in appropriate units. Such quantities are called scalar
quantities. Other physical quantities such as velocity, acceleration, and force are com-
pletely described only if both a magnitude (size) and a direction are specified. For example,
the movement of wind is usually described by its speed (magnitude) and its direction, say,
15 miles per hour southwest. The wind speed and wind direction together form a vector
quantity called the wind velocity.

Geometric Vectors

We can represent a vector geometrically by a directed line segment with an arrowhead.
The arrow specifies the direction of the vector, and its length describes the magnitude. The
tail of the arrow is the vector’s initial point, and the tip of the arrow is its terminal point.
We denote vectors by lowercase boldface type, such as a, b, i, j, u, v, and w. When discuss-
ing vectors, we refer to real numbers as scalars. Scalars will be denoted by lowercase italic
type, such as a, b, x, y, and z.

As in Figure 7.21, if the initial point of a vector v is P and the terminal point is O, we
write the vector v as follows:

v = PQ.

The magnitude (or norm) of a vector v = @, denoted by ||v|| or ||P_Q'
the vector v and is a scalar quantity.

, 1s the length of



Vectors

SIDE NOTE
For handwritten vector notation

where bold print may not be EqUiVGIent Vectors

possible, an arrow is placed
over Lower case, italic letter.

the vector v and is a scalar quantity.

Two vectors having the same length and same direction are called equivalent vectors.
Because a vector is determined by its length and direction only, equivalent vectors are
regarded as equal even though they may be located in different positions. If v and w are
equivalent, we write v. = w. See Figure 7.22.

A S S S~

vVF#Fu v#a v#hb
Same length, same direction Different length, same direction Same length, different direction Different length, different direction
(a) (b) (©) d)
Figure 7.22 » Equivalent vectors have the same length and direction.

The vector of length zero is called the zero vector and is denoted by 0. The zero vector has
zero magnitude and arbitrary direction. If vectors v and a, as in Figure 7.22(c), have the same
length and opposite direction, then a is the opposite vector of v, and we writea = —v.



Adding Vectors

We add two vectors v and w as shown in Figure 7.23.

Vectors

Geometric Vector Addition

Let v and w be any two vectors. Position the terminal point of v so that it coincides
with the initial point of w. The sum v + w is the resultant vector whose initial
point coincides with the initial point of v, and its terminal point coincides with the

Figure 7.23> Addingvandw terminal point of w.




Adding Vectors

We add two vectors v and w as shown in Figure 7.23.

Vectors

Geometric Vector Addition

Let v and w be any two vectors. Position the terminal point of v so that it coincides
with the initial point of w. The sum v + w is the resultant vector whose initial
point coincides with the initial point of v, and its terminal point coincides with the

Figure 7.23> Addingvand w terminal point of w.

In Figure 7.24, we have constructed two sums, v + w and w + v. It shows that

v+w=w-+v|

and that the sum coincides with the diagonal of the parallelogram determined by v and w
when v and w have the same initial point.

Vector subtraction is defined just like the subtraction of real numbers. For any two
vectors vand w,v — w = v 4 (—w), where —w is the opposite of w. See Figure 7.25.

—W

Figure 7.24» v + w = w + v

(a)

Figure 7.25» Vectorv — w

Figure 7.25(b) shows that you can construct the difference vector v — w without first
drawing —w: place the vectors v and w so that their initial points coincide. Then the vector
f I from the terminal point of w to the terminal point of v is the vector v — w.



Vectors

drawing —w: place the vectors v and w so that their 1nitial points coincide. ‘L'hen the vector
from the terminal point of w to the terminal point of v is the vector v — w.

A second basic arithmetic operation for vectors is multiplying vectors by real numbers.
2v

—y Scalar Multiples of Vectors
A\ 4

<

Let v be a vector and c¢ a scalar (a real number). The vector cv is called the scalar
multiple of v. See Figure 7.26.
|

If ¢ > 0, cv has the same direction as v and magnitude c||v]|].

If ¢ < 0, cv has the opposite direction of v and magnitude c|[|v]|.
Figure 7.26 » Scalar multiples Ifc =0, cv=0v=0.
ofv
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Physics systems, solutions

In order to analyze and determine solutions of Physics systems,
we need to understand:

* Linear equations, also known as linear functions.
» The slope of the lines, the standard form.

» The negative reciprocal slopes.

 Parallel lines.

* Perpendicular lines.



Linear Functions A function of the form f(x) = mx + b, where m and b are fixed con-
stants, is called a linear function. Figure 1.14a shows an array of lines f(x) = mx. Each

of these has b = 0, so these lines pass through the origin. The function f(x) = x where
Se 'm = 1 and b = 0 is called the identity function. Constant functions result when the
slope 1s m = 0 (Figure 1.14b).

>
>

m=—23

l -
1 I 1 1 -
0 | 2
(a) (b)

FIGURE 1.14 (a) Lines through the origin with slope m. (b) A constant func-
tion with slope m = 0.

DEFINITION Two variables y and x are proportional (to one another) if one
1s always a constant multiple of the other—that is, if y = kx for some nonzero
constant k.




P3 section review.

Special-Product Formulas

A and B represent any algebraic expressions.

Formula Example

Product giving a difference of squares

(A+ B)(A—-B)= A*—-B? (5x + 2)(5x — 2) = (5x)* — 22
= 25x%2 — 4
Squaring a binomial sum or difference
(A + B)? = A2 + 2AB + B? (3x 4+ 2)* = (3x)* 4+ 2(3x)(2) + 22
= 9x2 +12x+ 4
(A — B)* = A? — 2AB + B2 (2x — 5)* = (2x)* — 2(2x)(5) + 52

= 4x% — 20x + 25

Cubing a binomial sum or difference
(A+ B)’ = A3 + 3A2B + 3AB? + B® |(x+5)° = x3 +3x2(5) + 3x(5)* + 5°
= x3 + 15x? + 75x + 125
(A—B)’ = A3 —3A2B + 3AB> — B3 |(x —4)’ = x> — 3x2(4) + 3x(4)*> — 43
= x3 — 12x% + 48x — 64

Products giving a sum or difference of cubes
(A+ B)(A? — AB + B?) = A% + B3 (x +2)(x2 —2x+4) = x34+23 =x3+8
(A— B)(A? + AB + B%?) = A3 — B3 (x —=3)(x24+3x+4+9) =x3-33 = x3-27
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Special-Product Formulas

A and B represent any algebraic expressions.

Formula Example

Product giving a difference of squares

(A+ B)(A—-B)= A*—-B? (5x + 2)(5x — 2) = (5x)* — 22
= 25x%2 — 4
Squaring a binomial sum or difference
(A + B)? = A2 + 2AB + B? (3x 4+ 2)* = (3x)* 4+ 2(3x)(2) + 22
= 9x2 +12x+ 4
(A — B)* = A? — 2AB + B2 (2x — 5)* = (2x)* — 2(2x)(5) + 52

= 4x% — 20x + 25

Cubing a binomial sum or difference
(A+ B)’ = A3 + 3A2B + 3AB? + B® |(x+5)° = x3 +3x2(5) + 3x(5)* + 5°
= x3 + 15x? + 75x + 125
(A—B)’ = A3 —3A2B + 3AB> — B3 |(x —4)’ = x> — 3x2(4) + 3x(4)*> — 43
= x3 — 12x% + 48x — 64

Products giving a sum or difference of cubes
(A+ B)(A? — AB + B?) = A% + B3 (x +2)(x2 —2x+4) = x34+23 =x3+8
(A— B)(A? + AB + B%?) = A3 — B3 (x —=3)(x24+3x+4+9) =x3-33 = x3-27




SIDE NOTE
1.1 section review. When finding the domain of @

variable, remember that

Solving Linear Equations in One Variable 1. Division by 0 is undefined.
Linear Equations - 2. The square root (or any even
A conditional linear equation in one variable, such as x, is an equation that can be .
written in the standard form . fOOt) of a nethNe number
where a and b are real numbers witha = (. iS nOt O feCll number.

Identifying Types of Linear Equations

1. An equation that is satisfied by all values in the domain of the variable is an identity.
For example, 2(x — 1) = 2x — 2. When you try to solve an identity, you get a
true statement that does not depend on the variable, suchas3 = 3 or 0 = (.

2. An equation that is not an identity but is satisfied by at least one number in the
domain of the variable is a conditional equation. For example, 2x = 61is a linear
conditional equation; x = 3 1is a solution, but x = 0 is not.

3. Anequation that is not satisfied by any value of the variable is an inconsistent
equation. For example, x = x 4+ 2 1s an inconsistent equation. Because no
number is 2 more than itself, the solution set of the equation x = x + 2 is @.
When you try to solve an inconsistent equation, you obtain a false statement
suchas 0 = 2.



One solution, also called unique solution (the lines intersect; see Figure 8.2(a)): the
system is consistent, and the equations in the system are said to be independent.

2. No solution (the lines are parallel; see Figure 8.2(b)): The system is inconsistent.

3. Infinitely many solutions (the lines coincide; see Figure 8.2(c)): The system is consis-

tent, and the equations in the system are said to be dependent.

One solution

y

Consistent system;
independent equations

(a)
[ =y=x-1L—->y=—x+2,

Infinitely many

No solution solutions

Yy

YA

Consistent system;
dependent equations

Inconsistent system

(b) (©)
[ —-y=—x,, > y=—x+2,



PROCEDURE IN ACTION

m The Substitution Method

Objective Example

Reduce the solution of the system to the solution of = Solve the system:
one equation in one variable by substitution.

2x - 5y =3 (1)
y—2x=9 (2).

Step 1> Solve for one variable. Choose one of the = 1. We choose equation (2) and express y in terms of x.
equations and express one of its variables in terms y=2x4+9 (3) Solve equation (2) for y.
of the other variable. ' ‘

Step 2> Substitute. Substitute the expression 2. 2x -5y =3 Equation (1)
found in Step 1 into the other equation to obtain an 2x — 5(2x +9) =3 Substitute 2x + 9 for y.
equation in one variable. 2x — 10x — 45 =3 Distributive property
Step 3 » Solve the equation obtained in Step 2. 3. ~8x —~45 =3 Combine like terms.

~8x =34+ 45 Add 45 to both sides.

x = -6 Solve for x.
Step 4 » Back-substitute. Substitute the value(s) 4. y=2x+49 Equation (3) from Step 1
you found in Step 3 back into the expression you y=2(-6)+9 = -3 Substitute x = —6.
found in Step 1. The result is the solution(s). '
Because x = —6 and y = -3, the solution set is

Step 5» Check. Check your answer(s) in the (=6, =3)}.
original equations. 5. Check: x = ~6andy = 3.

Equation (1) i
2(-6)—5(-3)=3 ! —-3-2(-6)=9
—12 + 15 =3/ =34+12 =9/

Equation (2)

x—=y=15 (1)
2x+y =17 (2). o

Practice Problem 3. Solve:
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104. Investment. Mr. Sharma invested a total of $30,000 in two
ventures for a year. The annual return from one of them was
8%, and the other paid 10.5% for the year. He received a
total income of $2550 from both investments. How much
did he invest at each rate?



104. Investment. Mr. Sharma invested a total of $30,000 in two
ventures for a year. The annual return from one of them was

1 . 1 SeC“On . 8%, and the other paid 10.5% for the year. He received a
total income of $2550 from both investments. How much

did he invest at each rate?

* X (investment 1) + y (investment 2) = 7



104. Investment. Mr. Sharma invested a total of $30,000 in two

ventures for a year. The annual return from one of them was
8%, and the other paid 10.5% for the year. He received a
total income of $2550 from both investments. How much

did he invest at each rate?

1.1 section.

X (investment 1in §) + y (investment 2 in $) = $30000.




104. Investment. Mr. Sharma invested a total of $30,000 in two

ventures for a year. The annual return from one of them was
8%, and the other paid 10.5% for the year. He received a
total income of $2550 from both investments. How much

did he invest at each rate?
X (investment 1in §) + y (investment 2 in $) = $30000.

. 08X + .105y = $2550.
- Then: 8x + 10.5y = $255000.

8.1 section.




104. Investment. Mr. Sharma invested a total of $30,000 in two
ventures for a year. The annual return {rom one of them was
8%, and the other paid 10.5% for the year. He received a
total income of $2550 from both investments. How much
did he invest at each rate?

X (investment 1in §) + y (investment 2 in $) = $30000.
e .08x + .105y = $2550.

* Then: 8x + 10.5y = $255000.

 Substitute: 8( $30000 — y) + 10.5y = $255000.

« $240000 — 8y + 10.5y = $255000.

« 2.5y = $15000.

* y = $6000.

» Substitute into first, total equation:

* X + $6000 = $30000.

« X = $24000.

8.1 section.
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What is math?
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Figure 2.3 Schematic of the flow-induced model configuration for M = 2 wings and
their shed vortices in two time steps (n = 1 and n = 2). The velocity potential
around wing 1 is considered, so the second wing is only represented by its bound
vorticity (gray circles). The dotted circles represent image vortices. The dashed
curves connect the trailing edges of each wim& to the vortex most recently shed. The
bound vorticity before the vortex is shed is I'}'] = 0, I'}} = 0.

step s

) M n Pl
Gy = W) - w1 (n r -G
w(Q) =W -0 - —¢ '2,§§m T

M (34)
1 - ( - Xn
i (D — ) dog [ T S Xm
2= z ( ) (xs'l-‘] ¢~ rzli'(‘)-‘))

i
M n-l
k[ (e o) ().
=1 k=1

=0 (- 20), X0 =07 (20 - 20). (2.23)

That is, ¢ is the position of vortex z,[":, at time n in the (-plane, which was shed

by wing [ at time step k, using coordinates where wing j is at the center. Similarly,

x.".’n is the position of wing [ at time n, again using coordinates where wing j is at the



Motivation.
What is mathematics?

Quantifying & Documenting Inequalities in Math 11 12 Buckmire et al.
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(b) Funding per faculty

Fig. 4: Average annual grant funding for Mathematics departments by the prestige

rank of the department, displayed by total funding to the department (a), and on a
per capita basis accounting for the varying number of faculty in each department (b).
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Fig. 5: Average annual grant funding for Mathematics departments by the percentage
of women faculty in the department. The upper quartile (by prestige) departments
are represented by blue circles, while the remainder are orange squares.



Motivation.

What does math have to do with engineering?

Can we think of different kinds of engineers?

How does math scaffold in the daily duties of an engineer ?



Presentation and communication.

Determine the values of X’ that satisfy this equation:

2162° — 8 = 0,



Presentation and communication.

Determine and describe the reasons the Roman Empire dominated their regions
from 27 BC to 476 AC?



Presentation and communication.

Determine and describe the reasons the Roman Empire dominated their regions
from 27 BC to 476 AC?

The Roman Empire dominated its regions through a combination of overwhelming military
superiority, highly organized administrative infrastructure, and strategic cultural
assimilation. Professionally trained legions and advanced engineering allowed Rome to
conquer and secure vast territories, while an extensive network of roads and centralized
governance facilitated efficient trade and communication. Furthermore, by extending
citizenship and incorporating local elites into their administrative framework, the Romans
successfully fostered regional stability and long-term loyalty across diverse populations.



Presentation and communication.

Determine the values of X’ that satisfy this equation:

2162° — 8 = 0,



Presentation and communication.

Determine the values of X’ that satisfy this equation: 216373 L 8 _ O
M

— (3z—1) =0, (3z° + 6z + 1

1
7\/6 17 \/6 1}
37 3 3

— x =




Presentation and communication.
Determine the values of ‘X’ that satisfy this 216373 — 8 = O,
equation:
8 (27:1:3 — 1) = 0, Distributive Prop.

1
(27:133 — 1) =0, Mult. eq by 3

)
(3z — 1) (32" 4+ 62 + 1) =0, Polynom. Factor.
)

— (3x—1) =0, (3:1:2—|—6x—|—1 = 0, Zero Prop.
1 \/6 \/6
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Real Numbers

Rational Numbers

9.454545...

Whole
Numbers

{0,1,2,3...}

Natural
Numbers

{1,23...}

Irrational Numbers

V10 V2
T V3

1.2434871...




Section 1.1

Properties of the Real Numbers

Name

Closure

Commutative

Associative

Identity

Inverse

Distributive

Addition (A)

a + b is a real number

a+b=>b+a

(a+b)4+c=a+(b+ c)
There is a unique real

number 0, called the additive
identity, such thata + 0 = a
and 0 4

a = da.

There is a unique real number
a, called the opposite of a,
such thata + (—a) = 0 and

(—a)+a = 0.

Multiplication distributes
over addition.

Multiplication (M)

a - b 1s a real number

a-b=>b-a
(@a-b)-¢c=a-(b-c)

There is a unique real number I,
called the multiplicative
identity, such thata - 1 = a
andl -a = a.

If a = 0, there is a unique real

1 :
number —, called the reciprocal
a

. |

of a, suchthata - = = 1 and
a

1
-.a = 1.
a
a-(b¥e)=a-b+a-c
(a b)-c=a-¢c+b-c

zx|g®

2 >

M:

. 7-1=T7and1 -7 =7

Examples

1 + ~2 is a real number.

: 2 - g 1s a real number.

44+47=7+4
3.8=8:3
24+D+7=2 4+ 147
(5-9)-13 =5-(9-13)
340 =3and0 4+ 3 3

54 (=5 = 0 and
(—~5)+5=0
4'l:landl'4:l
4 4
(245) 3-243-5
F5):3=2-345-3



Section 1.1
Review.

Algebra —

fundamental.

Algebra

Properties of Real Numbers

Commutative: a+b=b+ a; ab= ba
Associative: at (b+c¢)=(a+b)+c
a(bc) = (ab)c

Additive Identity: at+0=0+a=a
Additive Inverse: —at+a=a+(—a)=0
Multiplicative Identity: a-1=1-a = a

T 11
Multiplicative Inverse: a- ; o =1l,a#0
Distributive: a(b+ ¢) = ab + ac

am an — am+n a_ — am—n
an
(am)n — amn (ab)m — mbm
a

If nis even, Va" = |al.

If nis odd, Va" = a.
Va-\/b=ab, ab=0
Jfa _ Va

b /b

Vam = (Va)" = a”

Factoring Formulas

a> — b* = (a+ b)(a— D)
a* + 2ab + b* = (a + b)?
a*> — 2ab + b* = (a — b)?
@+ b = (a+ b)(a®> — ab + b?)
@ — b = (a— b)(a>+ ab + b?)

Interval Notation

(a,b) = {x|a < x < b}
[a,b] = {x]a = x = b}
(a,b] = {x|]a < x= b}
[a,b) = {x|a = x < b}
(—ee,a) = {x]x < a}
(a, ) = {x|x > a}
(—,a] = {x|x = a}
[4,) = {x]x = a}

Absolute Value

la] =0
Fora > 0,

|X| =a—X=—a or X=a,

|X| <a——-a< X<a,

|X| >a— X< —-a or X>a.



SIDE NOTE

You can remember the order of
operations by the acronym
PEMDAS (Please Excuse My
Dear Aunt Sally):

Parentheses
Exponents
Multiplication
Division
Addition
Subtraction.

Section 1.1

The Order of Operations

Step 1 » Whenever a fraction bar is encountered, work separately above and below it.

Step 2 » When parentheses or other grouping symbols are present, start inside
the innermost pair of grouping symbols and work outward.

Step 3 » Do operations involving exponents.

Step 4 » Do multiplications and divisions in the order in which they occur,
working from left to right.

Step 5 * Do additions and subtractions in the order in which they occur, working
from left to right.






P6 section review.

Square Root Property

Fora > 0,ifx2 = athenx = +a.

The Exponent %

For any real number a and any integern > 1,

a'/" = ¥a.

When n is even and a < 0, ¥a and a'/" are not real numbers.
Notice that the denominator n of the rational exponent is the index of the radical.



P6 section review.

Square Root Property

The Exponent E
Fora > 0,if x2 = athenx = +Va. n

For any real number a and any integern > 1,
a'/" = ¥a.

When n is even and a < 0, ¥a and a'/” are not real numbers.
Notice that the denominator n of the rational exponent is the index of the radical.

Exponents and Radicals

am an — am+n _n_ am—n
a
(am)n = g™ (ab)m = g"p™m
a\" a" ., 1
=% i

Ifniseven,WZ |al.
If nis odd, W = a.
%'\’f=\'7a7b, ab=0
i Va

b~ s
W=(\V; = g"/n




P6 section review.

Square Root Property

The Exponent E

Fora > 0,if x2 = athenx = +Va. n

For any real number a and any integern > 1,
a'/" = ¥a.

When n is even and a < 0, ¥a and a'/” are not real numbers.
Notice that the denominator n of the rational exponent is the index of the radical.

Exponents and Radicals

a
"oat=amtt PR WARNING |
a-a a n a In general:

Van + b" = a + b

(a™)" = g™" (ab)™ = a™b™ ) ) —
A\ o 1 Ya+ b = Ya+ Vb
(Z) = b—m a "= — %a + ¥b cannot be added ifa = b.
a
. Ya + Ya = 2%
If nis even, Va" = |al.

Ya + %a cannot be added ifn = m.

Ifnisodd,wz a.
%-%= %, ab=0
ofa \'f

b
o —




P6 section review.

The Exponent '1‘ and Radicals

If a is any real number and »n is any integer greater than 1, then

n even n odd
Ifa > 0, Ya = a'/" is positive. Ya = a'/"is positive.
Ifa < 0, Ya = a'/" is not a real number. Ya = a'/"is negative.
lfa =0, % = o0Y" = 0. Vo = 0Y/" = 0.

Rational Exponents

am,»"n — (Q/E)m — Q/ﬁ’

provided that m and n are integers with no common factors, n > 1, and ¥a is a real
number.



section review.

Properties of Rational Exponents

If » and s are rational numbers and a and b are real numbers, then

a’” -a’ = a’t’ (ar)-‘ = a’ (ab)" — a’bh’
R A
a* | b b’ a’ b a

provided that all of the expressions used are defined.



X - f e f(X)
Input Output

(domain) (range)

FIGURE 1.1 A diagram showing a func-

tion as a kind of machine.

x%ﬁ(ﬂ

D = domain set Y = set containing
the range
FIGURE 1.2 A function from a set D
to a set Y assigns a unique element of ¥
to each element in D.

Functions; Domain and Range

The temperature at which water boils depends on the elevation above sea level. The inter-
est paid on a cash investment depends on the length of time the investment is held. The
area of a circle depends on the radius of the circle. The distance an object travels depends
on the elapsed time.

In each case, the value of one variable quantity, say y, depends on the value of another
variable quantity, which we often call x. We say that “y is a function of x”” and write this
symbolically as

y = f(x) (“y equals f of x”).

The symbol f represents the function, the letter x is the independent variable represent-
ing the input value to f, and y is the dependent variable or output value of f at x.

DEFINITION A function f from a set D to a set Y is a rule that assigns a unique
value f(x)in Y to each xin D.

EXAMPLE 1 Verify the natural domains and associated ranges of some simple func-
tions. The domains in each case are the values of x for which the formula makes sense.

Function Domain (x)
y=x (—00, o)
y=1/x (—o0, 0) U (0, c0) (—o0, 0) U (0, 00)
y=Vx [0, 00)

y=V4—x (—o0, 4]
y=V1—x? [—1,1]



0

FIGURE 2.1 A secant to the graph
y = fix). Its slope 1s Ay/Ax, the
average rate of change of f over the
interval [x;, x; ].

Average Rates of Change and Secant Lines

Given any function y = f(x), we calculate the average rate of change of y with respect to
x over the interval [x,, x;] by dividing the change in the value of v, Ay = f(x,) — f(x,),
by the length Ax = x, — x;, = h of the interval over which the change occurs. (We use
the symbol A for Ax to simplify the notation here and later on.)

DEFINITION The average rate of change of v = f(x) with respect to x over
the interval [x,, x; ] is

ay f(xz) = flxy) . fix; + h) — flx;)
Ax - x h '

h# 0.

Geometrically, the rate of change of f over [ x,, x; | is the slope of the line through the
points P(x,, f(x,)) and Q(x;, f(x;)) (Figure 2.1). In geometry, a line joining two points of a
curve is called a secant line. Thus, the average rate of change of f from x; to x; is identi-
cal with the slope of secant line PQ. As the point Q approaches the point P along the
curve, the length A of the interval over which the change occurs approaches zero. We will
sce that this procedure leads to the definition of the slope of a curve at a point.






EXAMPLE 3 Find the slope of the tangent line to the parabola y = x? at the point
(2, 4) by analyzing the slopes of secant lines through (2, 4). Write an equation for the
tangent line to the parabola at this point.

Solution We begin with a secant line through P(2,4) and a nearby point
Q2 + h, (2 + h)*). We then write an expression for the slope of the secant line PQ and
investigate what happens to the slope as Q approaches P along the curve:

Secant line slope = Y = @+ W =22 W +4h+4 -4
P Ax h h
_ W+ 4n
h

If h > 0, then Q lies above and to the right of P, as in Figure 2.4. If h < 0, then Q lies to
the left of P (not shown). In either case, as Q approaches P along the curve, h approaches
zero and the secant line slope & + 4 approaches 4. We take 4 to be the parabola’s slope at P.

=h+ 4.

>
>

2+h?—4_
h

Secant line slope is h+ 4.

/f angent line slope = 4

NOT TO SCALE

FIGURE 2.4 Finding the slope of the parabola y = x? at the point P(2, 4) as the
limit of secant line slopes (Example 3).



EXAMPLE 3 Find the slope of the tangent line to the parabola y = x? at the point
(2, 4) by analyzing the slopes of secant lines through (2, 4). Write an equation for the
tangent line to the parabola at this point.

Solution We begin with a secant line through P(2,4) and a nearby point
Q2 + h, (2 + h)*). We then write an expression for the slope of the secant line PQ and
investigate what happens to the slope as Q approaches P along the curve:

Secant line slope = 2 = @ +MW* =2 W +dh+4 -4
P Ax h h
_ W+ 4h
h

If h > 0, then Q lies above and to the right of P, as in Figure 2.4. If h < 0, then Q lies to
the left of P (not shown). In either case, as Q approaches P along the curve, i approaches
zero and the secant line slope & + 4 approaches 4. We take 4 to be the parabola’s slope at P.

=h+ 4.

2+ h?>—4

Secant line slope is =h+4.

/l' angent line slope = 4

NOT TO SCALE

FIGURE 2.4 Finding the slope of the parabola y = x? at the point P(2, 4) as the
limit of secant line slopes (Example 3).

The tangent line to the parabola at P is the line through P with slope 4:
y=4+4(x — 2) Point-slope equation
y = 4x — 4.






Slope of a Curve at a Point

In Exercises 7-18, use the method in Example 3 to find (a) the slope
of the curve at the given point P, and (b) an equation of the tangent
line at P.

7. y=x>*-5, P2,-1)

8. y=7-x% P2,3)

9. y=x2—2x—3, P2 -3)
10. y = x? — 4x, P(1,-3)

11. y =x3, P(2,8)

12. y=2 -2, PQ,1)

13. y=x* — 12x, P(1,-11)
14. y=x* = 3x* + 4, P(2,0)

15. y = 1, P(-2,-1/2)






TABLE 2.2 As x gets closerto 1,

f(x) gets closer to 2.

x:-1
x—1

x fx) =

0.9 1.9

1.1 2.1

0.99 1.99

1.01 2.01
0.999 1.999
1.001 2.001
0.999999 1.999999
1.000001 2.000001

An Informal Description of the Limit of a Function

We now give an informal definition of the limit of a function f at an interior point of the
domain of f. Suppose that f(x) is defined on an open interval about c, except possibly at ¢

itself. If f(x) is arbitrarily close to the number L (as close to L as we like) for all x suffi-

ciently close to c, other than c itself, then we say that f approaches the limit L as x
approaches c, and write

lim f(x) = L,
which is read “the limit of f(x) as x approaches c is L.” In Example 1 we would say that
f(x) approaches the limit 2 as x approaches 1, and write
. .oxr -1
lunl fx) = 2, or lim = 2.

x—l1x — 1

Essentially, the definition says that the values of f(x) are close to the number L whenever x
is close to c. The value of the function at c itself is not considered.






The Limit Laws

A few basic rules allow us to break down complicated functions into simple ones when
calculating limits. By using these laws, we can greatly simplify many limit computations.

THEOREM 1 —Limit Laws
If L, M, ¢, and k are real numbers and
lim f(x) = L and lim g(x) = M, then
1. Sum Rule: lim(f(x) + gx)) =L+ M
2. Difference Rule: Iim(f(x) —gx)) =L— M
3. Constant Multiple Rule: lim(k-* f(x)) = k- L
4. Product Rule: Iim(f(x)+g(x)) = LM
5. Quotient Rule: P—I»nc % = AL'I’ M # 0
6. Power Rule: lim [ f(x) ]" = L", n a positive integer
7. Root Rule: limV/f(x) = VL = LY" n a positive integer
(If n is even, we assume that f(x) = 0 for x in an interval containing c.)







EXAMPLE 5 Use the observations lim,_, .k = k and lim,_,. x = ¢ (Example 3) and
the limit laws in Theorem 1 to find the following limits.

(@ lim(x® + 4x2 — 3)

X—C

X+ xr-1
i
(b) xl—IB* x2+5

(¢ lim V4x? — 3

x——2



EXAMPLE 5

the limit laws in Theorem 1 to find the following limits.

@@ lim(x® + 4x2 — 3)

(b)

(c)

X—C

lirnx4 +x2 -1
X—cC x2 + 5

lim V4x* — 3

x——2

Solution
(@ lim(* + 4x* — 3) = lim x> + lim 4x*> — lim 3

=+ 4c* -3

o — 1 lim (x* + x2 — 1)

"
b) I s lim (x2 + 5)
lim x* + lim x2 — lim 1
B lim x2 + lim 5
_ A +ct-1
ct+5
(© lim V4x* —3 =V lim (4> - 3)

=V lim_4x> — lim_3

x——2 x——2

= V4(-2?2 -3
= V16 - 3
= V13

Use the observations lim,_, .k = k and lim,_,. x = ¢ (Example 3) and

Sum and Difference Rules

Power and Multiple Rules

Quotient Rule

Sum and Difference Rules

Power or Product Rule

Root Rule with n = 2

Difference Rule

Product and Multiple Rules and limit
of a constant function







Calculating Limits
Find the limits in Exercises 11-22.

11.

13.

15.

17.

19.

lim (x - 13)

x—>—3

:l_".% 8t — 50— 7

. 2x+ 5
Iim 3
x—211 — x

lim 4x(3x + 4)*

x——1/2

lim (5 — )43

y——3

12.
14.

16.

18. lim

1im(—x2 + 5x — 2)

lim (x3 2x% + 4x + 8)

x—>—2

52%3(8 — 35)(2s — 1)

_ y+ 2
y—2y* + 5y + 6

lim Vz2 — 10

74







Questions?

Study hard, best of luck!



